The SS2INI Program

1 Initialization and the Swinging Spring

S82INT s a MATLAR program to solve the egquations for the elastle pendolum
or Swinglng Spring in two dimensions, This system comprises a heavy bob
suspended by a light elastle spring. The bob 18 fee to move [na vertleal plane.

The procedure of lincar and noalinear normal mode nbilalization can be
clearly Mustrated by applylng the method to the equations of the swinglng
spring. The dynamical equations are derived In this sectbon and the procoesses
of linear and nonlinear Inbtialization are cutlined. The MATLAD program is
degeribed n §2. A numerical example and sample output are Included. A fow
sugeesilons for experlments are glven In 3.

1.1 The Dynamical Equations

Let £y b the unstretched length of the spelng, & s elastlelty or stiffness and
me the mass of the hob. At equillbriom the elastie restorlng foveo 18 balanced by
the welght: E(f — fy) = g, Polar coordinates g = ¢ and gs = & ave uwsed, and
the padial and angular moments are g = i and g = mr#. The Hamiltonlan
ia, In this case, the sum of kinetle, elagtle potentlal and gravitatbonal potential
COErgy:
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The (cancnical} dynamical equations may now be weltten explicltly
d = pofmr?
fla = —mgralnd
+ = p.fm
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These equations may also be weltten symbolically In vectoe form
X+LX +N(X) =0

where X = (8. pa. v, pe )7, L Is the matebe of coeficlents of the linesr terms and
N I8 a nonlinear vector Iunetlon.

Let us now suppose that the amplitude of the motion = small, so that @) =
|r — #| < f and |@)] < 1. The state veetor X I8 comprised of two sub-vectors:

e(2). o v (2) e ne ()

and the lnear dynamics of these components evolve Independently. We call the
mption deseribed by Y the sotatbonal component and that described by Z the



clastic component. The rotatlonal equatlons may be welticn
i+ (g/6)6 =0

which Is the equation for & slmple pendulum having oscillatory solutions with
frequency o g/f. The remalning two equatlons yicld

4 (kfm)r =0,

ihe equations for elastie geclllatlons with equency &k fm. We define the rota-
tional and elastle Trequencles and thelr ratio by
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It = easily shown that the motational frequency 18 always less than the elastic:

a_mg_ [, -

£ =15 = (1 E] <1,  sothat |ws|< kel.
We assunse that the parameters are such that € < 1. In this case the linear
normal modes are clearly distinet: the rotatlonal mode has low equency [LF)
amd the elastle mode has high feequency (HE).

1.2 Linear and Nonlinear Initialization

For small amplitude motbons, for which the nonlinear terms are nogligible, the
LF and HF oscillations are completely Independont of each other and evolee
witheut Interactlon. We can suppress the HF component completely by setting
ity Initlal amplitude o wera:

Z=(r".p)" =0 at t=0.

This procedurs 1s ealled lpear indtialization. When the amplitude s large,
noolinear terms are no longer negligible and the LF and HF motlons lnteract.
It I8 elear feom the equations that lnear Initlallzation will oot engure permanent
absence of HE motlons: the nonlinear LE terms generato radial momentum. To
achbpve better results, we set the Indtial Lendeney of the HF components to sero:

E=(fp =0 at t=0.

Thiz procedure is called nonlinear Initialization. For the spring, we can dedoce
explicit expressions for the Inltlal condltions:

o H1— 1 - cosd))
) =rg = L= ()2

+ o el =10

Thus, given arbiteary Initlal conditions X = (8, po, o7, we roplace T =
(v, pe)’ by En = (re,0)". The rotational component Y = (#, )7 remains
unchanged.



2  Description of the SS2INI Program

2.1 Parameter Setup

The hasic apring paramevers are glven defanlt values:
a gz Mass of hob (1 kgl
o g: Acceleration of gravity (=@ m®/s%)
ok Stiffness of spring {100n2 N/m)
& | Length at equilibeiom (1 o).
Additlonal constants are then ealeulated:

g ; ) i 2 2

For the default parameters, e = /10, vg = 28 and g = (L25.

There are two passes through the program, Fimt for das which s linearly
Initialized, second for data which s nonlinearly Initlallzed (LOOP = 1:2).

The Inltial conditions have the followlng default valwes [LNMI):

A=10 #d=0 r=1 +=0
For NINMI, the value of v i8 defloed [as explained above) as
o F(1— *[1 — cosd))
C 1 (ffue)?

The length of the Integratlon (In seoonds) s determined by tnax. The delfault
value s 6 soeomds.

2.2 Solution of the Equations

The central section of the program contains in-line code 1o solve the Tour ordi-
nary differentlal equations. Nermally, code betwesn the lnes marked S
and ‘AasA” should pot be changed! IT you want to experiment, save a copy of
the program.

The Initial positlons and momenta are put In the wector 2y, The numerical
Integration Is then handled by the method of ODE23. To aveld function calls,
the code Is placed ln-line. It uses second and thivd order Runge-Kutta-Fehlherg
Integration methods with an automatle adjustment of step-slee 1o meet a Spec-
fled tolerenee, Sinee the mechod wses an adaptive tlme seep, the resulis are

generabed on an lrregular grid. For simplicicy, the solutbon on & regular time
grid treg s caleulated, and stored o xreg. By defawlt, nd = 512 values are
caleulated. The total energy at each time 1s caleulatod:

E= %m[i52 +{r)*) + %-El:i‘ — fo)* — mgr oo — By

where Fg = §ki{F — £g)* — gt
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Figure 1: Solutlon of swinglng spring eguatlons for linear (LMNMI} and nonlinear
(KNMI) Initlalization. See text for details.

2.3 Plotting the Results

The default output comprises & fgure with four paneds. For each panel there
are two graphs, the dotted red curve s for linearly initialized data (LNMI). The
solid blue curve is for nonlinearly initialkzed data (WNMI).

o In the upper left panel subplot(2,2,1) the "slow’ varlable & ks plotted as
a Tunctlon of time

o In the upper right panel subplot(2,2,2) the frequency spectrum of & s
shown, The absclssa 1s the equency ls cycles per second.

o In the lower left panel subplot(2,2,3) the ‘fast’ varlable " = ¢ — £ I
shown against time.

o In the lower dght panel subplot(2,2,4) the requency spectrum of r' iy
shown [against frequency In cycles per second).



2.4 A Numerical Example

In Figure 1 we show the results of two Integrations of the spring equations, The
upper panels show the evolutlon and spectrum of the slow varlable & the lower
panels are for the [ast vaclable v, Dotted curves ave for Lonear Iniclalization
and solld curves [or nonlinear inltlalization. The parametor values are m = 1,
g=x" k=100x" and £ = 1 (all ST units). m =1, g =", k= 100" and £ = 1
[all 51 wnitg), s0 that € = 0.1 and the perlods of the swinging and springlng
motions are respectively v = 25 and & = (.26, The Initial conditions are
vanishing velpelty (f = & = (), with &1 = 1 and #(0) £ {1,{].995-{1]}. The
cquations are Integrated over a period of 6 seconds For the slow varlable, the
curves are lndistinguishable. The specirum has a clear peak at a [reguency of
(LG cycles poer second. For the fase varlable, the Hpearly initlallzed evolution has
high [equency nolse [dotbed curve, lower lefi pancl). This Is conflirmed In the
specirum: there ks asharp peak at § ¢ps. When nonlinearly Inltialized, this peak
s removed: only the peak at 1 eps remalins. This = the laaced fast metion. I
can be understood physieally: the centreilugal effect stretches the spring twice

for each pendular awing: the pesult = a ¢component of ¢ with a period of one
second. The radial varlation does oot disappear lor balanced motlon, bot [ s
of loaw [requency!

3 Suggested Exercises

& Run the program with the default seitings and cvaluate the resulis,

s Vary the spring stiffness parameter k (default & = 1000%) to & = 400x*
and consequently the freguency of the ‘Tast’ motlon. The fregquency ratio
changes o ¢ = 1 /2. Examlne the plots.

& Reducs the spring stiffncess parameter & 1o make the ratlo amaller {gay
e = 1/4). Separation between slow and [ast motion s more Dy, How
does the Initlalization pesfoem?

o The Resonant Case € = 1/2 s partlcularly Intevesting. Select the stiffness
k vo achleve this, Energy flows hetween the slow and [ast motlons with a
long period. Integrate over a longer time tmax=50 and study the solutbon.

& Spt lnltlal conditions which are far from balance., [For example, st ¢ =
1.5). Disable the inltlalkzations. How does the Integratlon look? Apply
LENMI and KNMI and study the difference.

a DFT: Integrate over a span T = 258 and apply a digical filter 1o the time
serles solutions. [The slmples filter = a straight time-acerage). Restart
from the fltered data. How does the Integeation look?
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