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onsider various data assimilation s
hemes applied to the Lorenz equations, asimple dynami
al model with 
haoti
 behaviour. The Lorenz equations are given bythe nonlinear system dxdt = ��(x� y); (1)dydt = �x� y � xz; (2)dzdt = xy � �z; (3)1



where x = x(t), y = y(t), z = z(t) and �; �; � are parameters, whi
h in theseexperiments are 
hosen to have the values 10, 28 and 8/3 respe
tively.The system is dis
retized using a se
ond order Runge-Kutta method, whi
h givesthe following dis
rete equations:xk+1 = xk � ��t=2[2(yk � xk) + �t(�xk � yk � xkyk)� ��t(yk � xk)℄; (4)yk+1 = yk +�t=2[�xk � yk � xkzk + �(xk + ��t(yk � xk))� yk� �t(�xk � yk � xkzk)� (xk + ��t(yk � xk))(zk +�t(xkyk � �zk))℄; (5)zk+1 = zk +�t=2[xkyk � �zk+ (xk +�t�(yk � xk))(yk +�t(�xk � yk � xkzk))� �zk ��t(xkyk � �zk)℄; (6)where �t is the model time step and k is the time step index.The exer
ises will investigate various sequential data assimilation s
hemes andfour-dimensional variational assimilation applied to these equations.2 Sequential data assimilationYou will investigate various data assimilation s
hemes using the program lorenz menu.The true state and the ba
kground state are de�ned in the program. You 
an 
om-pare di�erent data assimilation s
hemes with di�erent observation frequen
ies anda

ura
ies.2.1 Data assimilation s
hemesFour sequential s
hemes are implemented. Thay are su

essive 
orre
tions, optimalinterpolation, analysis 
orre
tion and the Kalman �lter. The s
hemes themselves
an be applied exa
tly or approximately. We des
ribe brie
y the four s
hemes. Thenotation we use is as follows - xb(i) is the ba
kground state with error 
ovarian
ematrix B�1, y(i) is the ve
tor of observations with 
ovarian
e matrix R�1 and His the (possibly nonlinear) observation operator whi
h 
onverts the model �eld x(i)into an equivalent model observation value. The solution to the data assimilationproblem, whi
h we 
all the analysis, we write xa.2.1.1 Su

essive 
orre
tionsThe su

essive 
orre
tions method is an iterative algorithm, whi
h 
an be writtenxj+1(i) = xj(i) +W [y(i)�H(xj(i))℄; (7)2



where x0(i) = xb(i) is the ba
kground state, j is the iteration or 
orre
tion indexand W is a weighting matrix. The algorithm is stopped after k 
orre
tions, afterwhi
h the analysis is given by xa(i) = xk(i). For the experiments in these programsthe weighting matrix is given by W = 0:5� I.2.1.2 Optimal interpolationThe optimal interpolation analysis is given byxa(i) = xb(i) +K[y(i)�H(xb(i))℄; (8)with K = BHT (HBHT +R)�1: (9)If H is a nonlinear operator then it should be linearized around a ba
kground state.2.1.3 Analysis 
orre
tionThe analysis 
orre
tion algorithm is writtenxj+1(i) = xj(i) +WQ[yj(i)�H(xj(i))℄; (10)yj+1(i) = yj(i)�Q[yj(i)�H(xj(i))℄; (11)where y0(i) is the ve
tor of observations, W = BHTR�1, Q = (HW + I)�1. If His a nonlinear operator then its linearization around a ba
kground state should beused. The algorithm is stopped after k 
orre
tions, after whi
h the analysis is givenby xa(i) = xk(i).2.1.4 Kalman �lterIn the Kalman �lter we expli
itly evolve the ba
kground and analysis error 
ovari-an
e matri
es, whi
h we write Pf and Pa respe
tively. We also assume that themodel error 
ovarian
e Q(i) is known. The Kalman �lter algorithm is then as fol-lows: K(i) = Pf(i)HT (i)[H(i)Pf(i)HT (i) +R(i)℄�1; (12)xa(i) = xf(i) +K(i)[y(i)�H(i)xf(i)℄; (13)Pa(i) = [I �K(i)H(i)℄Pf(i); (14)xf (i+ 1) = M(ti+1; ti)[xa(i)℄; (15)Pf(i+ 1) = M(ti+1; ti)Pa(i)M(ti+1; ti)T +Q(i): (16)HereM(ti+1; ti) is the model operator whi
h maps a model state at time ti to a stateat time ti+1, xf (0) is equal to the initial ba
kground �eld xb(0) and the analyses aregiven by the sequen
e of xa(i). 3



For a nonlinear model this 
an be extended to give the extended Kalman �lterby linearizing the model around a ba
kground state. This linear model is thenused to evolve the error 
ovarian
e matri
es. As before we must also linearize theobservation operator H(i) if it is nonlinear.2.2 The programThe programs ask for inputs from the user in the following order:� Please 
hoose an assimilation s
hemeThis determines the type of assimilation s
heme used, the options being su
-
essive 
orre
tion, optimal interpolation, analysis 
orre
tion and Kalman �lter.� How many iterations?This question appears only if the su

essive 
orre
tion or analysis 
orre
tions
heme is 
hosen. The user 
hooses how many iterations of the s
heme shouldbe performed, between 1 and 5.� Use 
orre
t weighting matri
es?This option is available for all ex
ept the su

essive 
orre
tion s
heme. Ifthe user 
hooses `Yes' then the program will 
al
ulate the ba
kground andobservation error 
ovarian
e matri
es using the truth traje
tory. A responseof `No' will set these matri
es to the identity.� How many time steps between observations?This determines the time frequen
y of the observations, a

ording to the num-ber of model time steps between observations. The observations 
an be every25, 50, 100 or 200 time steps. The total assimilation time is 2000 time steps.� Noise on observations?If the user responds `No' then perfe
t observations are taken from the `truth'traje
tory. A response of `Yes' produ
es noisy observations equal to the truthwith some random noise added.If the user has requested noise on the observations, then the following questionswill follow:� How read noise?If the user 
hooses `Generate in program', then the program produ
es randomnoise to add to the observations and stores it in �les 
alled s
 x noise.mat,s
 y noise.mat and s
 z noise.mat. `Read from �le' reads in the noise frompreviously generated �les. If this option is 
hosen, then it is ne
essary to havethe same number of observations as the �le was generated with.4



� Varian
e of observation errorThis allows the user to set the varian
e of the random noise to be added tothe observations.The user must then 
li
k `OK' on a dialogue box to perform the analysis.There are three �gures output from the program. Figures 1 and 2 show theoutput for the x and z variables respe
tively. The truth traje
tory is shown bya bla
k dashed line, the ba
kground traje
tory by a blue dashed-dotted line, theobservations by magenta 
ir
les and the �nal analysis and fore
ast by a red line.Figure 3 shows the error (truth-fore
ast) in the x and z variables with time. In afourth window you will see a list of the options that you have 
hosen.2.3 Suggested exer
isesThe initial 
onditions have been set up su
h that a 
hange of regime appears in thetrue solution during the assimilation period, whi
h appears too late in the ba
k-ground fore
ast. You should investigate how the di�erent assimilation s
hemes 
an
orre
t for this and how well the subsequent fore
ast mat
hes the truth. Things youmay like to investigate are:1. The varian
e of the ba
kground error is approximately 1. Compare the be-haviour of the s
hemes with observation errors of varian
e 0.5, 1 and 2.2. Is it better to have a few very a

urate observations or many observationswhi
h are less a

urate? Does this depend on whi
h assimilation s
heme youare using?3. How important is it to have the 
orre
t error 
ovarian
e matri
es (i.e. 
orre
tweighting matri
es) in the s
hemes?4. Change the 
ovarian
e matri
es in Se
tion 5 of the 
ode so that B = �1I andR = �2I, where �1 and �2 are some 
hosen (positive) 
onstants. Investigatethe e�e
t of the relative size of these 
onstants on the analysis and fore
ast.5. For the analysis 
orre
tion s
heme the iteration of the observations is oftenomitted. Investigate the e�e
t of this for di�erent observation frequen
ies anda

ura
ies.
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3 Four-dimensional variational data assimilation(4D-Var)3.1 Introdu
tionThe 4D-Var s
hemes in these programs have only an observation term, so minimizea fun
tion of the formJ = 12 nXi=0(y(i)�Hi(xi)TR�1(y(i)�Hi(xi): (17)A full 4D-Var s
heme minimizes this 
ost fun
tion by use of the nonlinear model andits adjoint, whereas an in
remental 4D-Var s
heme minimizes a series of simpli�ed
ost fun
tions in di�erent `outer loops'. You are provided with routines for bothtypes of s
hemes. The routines used are as follows:lorenz4d:m Top level routine for full 4D-Varlorenz4d in
:m Top level routine for in
remental 4D-Var
al
fg:m Cal
ulate 
ost fun
tion and its gradient for full 4D-Var
al
fg in
:m Cal
ulate 
ost fun
tion and its gradient for in
remental 4D-Varmodeuler:m Nonlinear model for Lorenz systemmodeuler tl:m Tangent linear modelmodeuler adj:m Adjoint modeltest tl:m Test tangent linear modeltest adj:m Test adjoint modeltest grad:m Test of 
al
fgtest gradin
:m Test of 
al
fg in
menu asl Used to provide menus3.2 Test routines - Building a 4D-Var systemWhen building a 4D-Var system, there are standard ways of testing the various
omponents before it is used for assimilation. You 
an experiment with these tests.3.2.1 Test of tangent linear modelSuppose that M is a nonlinear model and M is the tangent linear model. Then forsmall perturbations 
Æx we haveM(x + 
Æx)�M(x) �M(x)
Æx: (18)6



Hen
e if we plot the relative errorER = M(x + 
Æx)�M(x)M(x)
Æx � 1 (19)as 
 ! 0 we should �nd that ER ! 0.Exer
ise: Use the routine test tl to plot the relative error. Try introdu
ing anerror into the tangent linear 
ode modeuler tl and see what e�e
t it has on the test.3.2.2 Test of adjoint modelFor a linear model M and its adjoint M� we have the identity<MÆx;MÆx >=< Æx;M�MÆx > (20)for any inner produ
t <;> and perturbation Æx. This 
an be used to test that theadjoint is 
oded 
orre
tly.Exer
ise: Use the routine test adj to test the adjoint 
ode. Try introdu
ing anerror into the adjoint 
ode modeuler adj and see what e�e
t it has.3.2.3 Gradient testLet J be a 
ost fun
tion and rJ be its gradient. Then we 
an 
he
k that the exa
tgradient of the 
ost fun
tion has been 
oded by using the identity�(�) = J (x+ �h)� J (x)�hTrJ (x) = 1 +O(�); (21)where h is a ve
tor of unit length, whi
h we 
an take to be rJ (x)jjrJ (x)jj�1. Forsmall values of � not too 
lose to ma
hine zero we expe
t �(�) to be 
lose to 1.Exer
ise: Use the program test grad or test gradin
 to test either of the two
ost fun
tions. The output of these routines is a plot of �(�) and a plot of j�(�)�1j.Try introdu
ing an error into the gradient 
al
ulation to see how this a�e
ts the testresults.3.3 Assimilation programThe routines used to run assimilation experiments are lorenz4d for the full 4D-Varand lorenz4din
 for in
remental 4D-Var. The menu options you must spe
ify, withsome suggested values, are
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Initial values of x; y; z 0.0{5.0Assimilation period (in se
onds) 0{10Fore
ast period (in se
onds) AnyTime step (in se
onds) 0.0{0.05Frequen
y of observations (in time steps) AnyNoise on observations Varian
e = 0{2Convergen
e 
riteria Default values givenNumber of outer loops 2 (In
remental version only)Note that the time step must be a divisor of your total time, so values su
h as0.02, 0.025, 0.05 work well. The output of the program is the �elds of x and z, theerrors in x and z and the 
onvergen
e of the 
ost fun
tion and its gradient. The�nal norm of the gradient is also output in the Matlab 
ommand window.3.4 Suggested exer
isesStart with the 
onditionstruth=(1.0,1.0,1.0)�rst guess=(1.2,1.2,1.2)Assimilation period = 2Fore
ast period = 3Time step = 0.05Frequen
y of observations = 21. Compare full 4D-Var and in
remental 4D-Var for the same total number ofiterations, using perfe
t observations and observations with error. Are there
onditions for whi
h one s
heme is better than the other?2. Is it better to have very few a

urate observations or more observations whi
hare less a

urate? Consider both the a

ura
y of the analysis and the rate of
onvergen
e.3. Is it better to have a long assimilation window with few observations or a shortassimilation window with more observations? Does this depend on how mu
herror there is on the observations? Consider both the a

ura
y of the analysisand the rate of 
onvergen
e.4. How does the rate of 
onvergen
e 
hange if the �rst guess is moved 
loser toor away from the truth?5. For the in
remental 4D-Var investigate the e�e
t of di�erent outer loops withthe same total number of iterations. Compare against the full 4D-Var solution.6. The 
onvergen
e is stopped when the 
hange in the gradient is less than agiven toleran
e. Investigate other 
riteria su
h as relative 
hange in gradient,8




hange in 
ost fun
tion, relative 
hange in 
ost fun
tion. What is the bestway of stopping the iteration so that a good solution 
an be a
hieved with theminimum amount of work?
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